Abstract. We give sufficient conditions under which the spectral radius of a partial integral operator of Volterra type is zero, or a partial integral operator of Volterra-Fred hoim type has a trivial essential spectrum.
Introduction Let a,b > 0, and let Q denote either [0,t] x [0,$), [0,t] x [0, b] or [0, a] x [0,s]. Given measurable functions

= l(t, s, r), ni = m(t, s, a), n = n(t, s, i, a) consider the linear partial integral operator of Volterra type (Kx)(t, s) = / l(t, .s, r)x(r, s) dr $ + f M(t ' S, a)x(t, a) da (0 I < a, 0< s <b). (1)
+ J n(t,s, r, a)x(r, a) d(r, a)
In what follows, we denote the operators which are defined by the first, second and third integral in (1) by L, M and N, respectively. Further, by PD we denote the multiplication operator by the characteristic function XD of some measurable set D, and by S = S(L) the space of all (real or complex) functions on a measurable set A which are measurable and almost everywhere finite. Recall [7, 111 that a Banach space Z c S is called ideal space if the relations x E S, z E Z and Ix()I z(w)l a.e. on Li imply that also x E Z (0 c a,
is also bounded in U. Denote by r(K) the spectral radius of the operator K, and let
Consider the operator (1) first with Q = [0, t] x [0, s]. The following result may be found in [12] .
Theorem 1. If the operator K is bounded in the space U, then the estimate r(K) < 8(K)
is true.
The following example shows that one may have strict inequality in (3).
Example 1. Let a= b= 1, m(t,s,o) =n(t,s,r,a) =0, and
T) = i(t,r) = J . 2 n if 2 r t <2'
1. 0 otherwise. (3) acts in L°° ([0, 1] ) with r(L) = 0 [10] . Consequently, the corresponding operator ( Observe that the number (2) satisfies the properties
The operator (Lx)(t) = fi(t,T)x(T)dT
on the space £w(U, U) of all operators of the form (1). We say that the operator (1) has the And6 property if
m. 0-0 02-0
Of course, the Andô property holds for the operator K above if it holds for the components L; M and N, and may be verified by the usual majorant techniques (see, e.g., [5, 6] We point out that our definition of the Andô property is somewhat different from that given in [6, 12] , where (4) is replaced by
mes but D is not necessarily a "rectangle" D 1 x D2 with mesD 1 -0 and mesfl2 -0; this is a stronger condition than ours. For example, the operator K with constant kernels has the Andô property in L 00 ([0, a] x [0,b]) in our sense, but not in the sense of [12] .
The following is a straightforward consequence of Theorem 1. The example of the partial integral operator of Hardy-Littlewood type
shows that the spectral radius of a partial integral operator of Volterra type may be strictly positive. Thus, the equality r(K) = 0 is not true in general.
For O<s b and O<i <alet (9) and Important results on ideal spaces with mixed norm may be found in [3] . In particular, the spaces Y [X] and X [Y] are regular (resp. almost perfect) if the spaces X and Y are. 
Results for Volterra operators
<00.
IIzIIu^1 o U These spaces have been studied in [5] .
Theorem 3. Let X and Y be almost perfect ideal spaces over [0, a) and [0,6], respectively, and U = Y[X] or U = X[Y]. Suppose that the operator (1) is regular in U, and the operators IL(s)I (s E [0, b]), M(t)I (t E [0, a]) and N are compact in X, Y and U, respectively. Finally, assume that the resolvent kernels ij(t, s, r) and t,b(t, s, a) belongs to R., (U, U) and Rm(U, U), respectively, and at least one of the operators LM or ML is compact in U. Then the spectral radius of the operator (1) is zero.
Proof. It suffices to show that, for any f E U and every complex number u = the equation x = jKx + f has a unique solution x E U. Since X is an ideal space and the operators IL ( (9) and (10) (11) and (12) are inverse, respectively, to the operators I .-uL and I -M in the space U. But this shows that the equation x = pKx + f, with f E U, is equivalent to the Volterra equations
[
I-(I -pL)'(I -pM),(N + ,uML)]x = h
where
At least one of these equations contains a compact operator in an ideal space, and hence has a unique solution. This shows that the spectral radius of the operator (1) [5] . From (2) and (14) we get the estimates
Now, if the operators L(s) and M(t) from (7) and (8) These estimates imply in turn that
and 
t,s,T,a)x(T,)dT
the number
This number satisfies the properties It turns out that, under some natural assumptions, the spectral radius of the operator (1) is zero also in this case. We suppose throughout that the operator (1) is regular in some ideal space U. Sufficient conditions for the equality r(L) = r(M) = 0 may be obtained from the above theorems.
Theorem 7. If the operator N is bounded in the space U, the estimate r(N) <5(N)
The equation x -1zKx = f with K given by (1) is in U equivalent to each of the equations (13). The first of these equations admits a representation s, r1 , a 1 )n 1 (r1 , a 1 , r, a) (t,s,r,af(r,a)drda   n1 (t, s, r, a)= rz(t, s, T, a) + p 1(t, s, i) rn(r, s, a)1031(a')   n2 (t, s, r, a) = '(i, s, a')(t, a, r) . (26) 
x(t, s) = /L(Rx)(t, s) + g(t, s),
+ ] I n2 (t,
Now, if the operator (27) has the Andô t-property, equation
Theorem 9. Let X = LP ([ 0 , a]) and Y = LP ([0,b]) (1 < p < co). Suppose that the regular integral operators L(s) (0 s b) and M(t) (0 t a) act in the spaces
Operators of Volterra-Fredhoim type
We turn now to another , class of operators. [1] , in contact problems [2] , and in other fields [ 4 ] lead to such equations. The properties of the operator (28) are essentially different from those of the operators (29) and (30). For instance, the Fredhoim alternative applies to the equation x -Kj x = f for many kernels, while it does not apply to the equations x -K2 x = f and x -K3 x = f even for bounded kernels.
Consider first the operator (28). Using conditions for the equalities r(L) r(M) = 0
and the relations (11) and (12), the equation x -uK1 x = I involving a regular operator K1 reduces to the equivalent Fredholm integral equation 
